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E-mail address: Andrei.Kotousov@adelaide.edu.auNotched plates are often found in various applications ranging from microelectronic devices to large-
scale civil structures. Stress analysis of plate components wherein the loading is uniformly distributed
over the thickness, parallel to the plane of the plate, is normally based on plane stress or plane strain
assumptions. Three-dimensional effects, such as the inﬂuence of the plate thickness on stress compo-
nents, are largely ignored or considered as negligible for all practical purposes.
This paper summarizes recent theoretical and numerical studies and discusses some important
features of the three-dimensional singular solutions for sharp notches obtained within linear elasticity.
Taking into account dimensionless considerations, the relationships between the intensities of the singu-
lar stress states corresponding to the three-dimensional linear elastic solutions and the plate thickness
are established. The obtained relationships have many intriguing implications for the failure assessment
of notched plates made of sufﬁciently brittle material. For example, based on a similar argument to the
one used in classical linear-elastic fracture mechanics, it can be shown that a sufﬁciently thick plate with
a sharp re-entrant corner should have virtually zero strength when subjected to antisymmetric (or mixed
mode) loading. The theoretical conclusions drawn in this paper have direct applications to fracture test-
ing and fracture assessment of plate components, and they set new goals for further experimental
studies.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The paper is structured as follows: in this section, i.e., the Intro-
duction, we summarize the previously published results and de-
scribe the structure and basic features of the three-dimensional
singular solutions for sharp notches obtained within the linear the-
ory of elasticity. Furthermore, we discuss the relevance of these
singular solutions to the actual stress state in notched plate com-
ponents made of sufﬁciently brittle materials with notches that
are not always perfectly sharp, as well as the recently developed
asymptotic methods of failure assessment, which utilize various
characteristics of the elastic singular solutions. Next, we consider
a sufﬁciently large in plane direction plate of ﬁnite thickness with
a sharp notch that is subjected to remote loading uniformly distrib-
uted over the thickness, parallel to the plane of the plate. Taking
into account dimensionless considerations, we will establish the
effect of plate thickness on the intensity of the different singular
stress states due to symmetric or antisymmetric loading. These
considerations will lead us to very interesting conclusions regard-
ing the role of the plate thickness in singular problems of elasticity;ll rights reserved.some of them can be generalized and directly applied to the frac-
ture assessment of structural components made of sufﬁciently
brittle material.
1.1. In-plane singularities
In 1952, Williams was the ﬁrst to show that the in-plane stress
components at the apex of an isotropic corner can be singular
based on the plane theory of elasticity (Williams, 1952), see
Fig. 1a. Later, many researchers used an eigenfunction expansion
approach, Mellin or Fourier transform methods to investigate this
in-plane singular mode for multi-material junctions (e.g., Bogy,
1971) as well as inelastic, anisotropic and inhomogeneous materi-
als subjected to various boundary conditions.
By enforcing free–free boundary conditions, Williams derived
two uncoupled eigenvalue equations for the notch geometry
shown in Fig. 1a:
sin kð2p aÞ ¼ k sinðaÞ; ð1Þ
corresponding to the symmetric loading, or mode I loading, and
sin kð2p aÞ ¼ k sinðaÞ; ð2Þ
corresponding to antisymmetric loading, or mode II loading.
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Fig. 1. Stress singularities at sharp notch. (a) In-plane singularity; (b) corner singularity; (c) out-plane singularity.
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boundless stresses with asymptotic behavior of r  Krk1, where
r is the distance from the tip of the notch and K is the notch (or
generalized) stress intensity factor, which is often deﬁned as (Carp-
interi et al., 2008)
K ¼ lim
x!0
ryðx; 0Þð2pxÞ1k ð3Þ
for symmetric loading, and
K ¼ lim
x!0
sxyðx; 0Þð2pxÞ1k ð4Þ
for antisymmetric loading.
It is clear in eigenvalue equations (1) and (2) that the strength of
the singularity (1  k) as well as k itself are functions of the notch
opening angle, a, only. The variation of the minimum k (such that
Re(k) > 0) with angle a for symmetric (mode I) and antisymmetric
(mode II) loadings is given in Fig. 4a. It should be noted that the
particular case of a = 0 (or crack) was investigated long before Wil-
liams developed his equations for the arbitrary vertex angle; this
particular solution is due to Inglis (1913).
Despite the fact that the eigenvalue equations have been
obtained under plane stress or plane strain assumptions of the
two-dimensional theory of linear elasticity, theoretical studies
(the initial study was conducted by Hartranft and Sih (1970),
who investigated the three-dimensional stress states near the
crack tip) and a number of careful numerical simulations under-
taken in the past two decades have conﬁrmed the existence of
in-plane singularities with the strength predicted by Williams’
eigenvalue equations (1) and (2). At the same time, these numeri-
cal studies (see, among others, Nakamura and Parks, 1989a,b; She
and Guo, 2007; Harding et al., in press; Kotousov et al., in press)
showed that the notch stress intensity factor is not a constant
along the notch front, and its variation is signiﬁcantly affected by
Poisson’s ratio. For example, for a semi-inﬁnite crack (a = 0) in a
plate with Poisson’s ratio m = 0.3, the difference between maximum
and minimum values of the stress intensity factor is approximately
20% if the crack is stressed in mode II, and 10% if the crack is
stressed in mode I (see Fig. 6). However, this variation can probably
be ignored for all practical purposes, as it is currently adopted in all
engineering failure assessment procedures and standards.
Williams’ solution plays a fundamental role in the so-called
asymptotic methods of failure assessments of various structures
(notched components, bi-materials, welded and adhesive joints)
and machines (contact and sliding pairs) as well as in the under-
standing of various failure mechanisms (fracture, fatigue and fret-
ting fatigue); see, for example, Reedy and Guess (1993) or Nowell
et al. (2006). Applications ofWilliam’s solution to the failure assess-
ment of V-shaped notches are based on the following loose argu-
ment, which is similar to the one used in classical linear-elastic
fracture mechanics (Kotousov, 2007a). Consider a notched plate
made from reasonably brittle materials, such that the elastic solu-
tion admits the presence of a singular stress state. Three zones
can be identiﬁed: a process zone, where the materials are subjectedto nonlinear and non-elastic deformations; a K-dominance zone,
where a linear elastic asymptotic stress ﬁeld of the form Krk1
might be expected to be accurate; and the zone of general stress
state, where the stress ﬁeld depends on the geometry of the solid
and boundary conditions.Material failure often starts in the process
zone. When the process zone is completely contained within the K-
dominance zone, the state in the process zone is likely to be con-
trolled mainly by the ﬁelds in the region of K-dominance. If this is
true, the conditions for the failure initiation will only be a function
of the characteristics of the singular stress state (K and k).
The use of the asymptotic solutions for monolithic corners has
experienced nothing like the same development for crack-like
geometries in the past, principally because sharp corners are rarely
found in practice, and apart from crack problems, there are no non-
numerical methods to calculate notch stress intensities for arbi-
trary opening angles, geometries and loading conditions. However,
in the last two decades, there have been a number of major devel-
opments in the ﬁeld. It was shown analytically that the asymptotic
solutions obtained for sharp V-notches were also closely linked to
the non-singular ﬁeld of blunt notches (Lazzarin and Tovo, 1996;
Filippi et al., 2002). Reliable numerical methods and procedures
for the evaluation of the notch stress intensities factors have been
developed (e.g., Ghahremani, 1991; Lee and Barber, 2006; Mittel-
stedt and Becker, 2006). In addition, several asymptotic methods
for failure and durability assessment have been suggested based
on various characteristics of the asymptotic stress ﬁeld, such as
the average stress or strain over a characteristic volume encapsu-
lating the notch root, energy density, critical distances and energy
release rates. These approaches allow the comparison and evalua-
tion of the strength of notched plates having different notch open-
ing angles, a, that are subjected to arbitrary loading. In a large
number of publications, it has been demonstrated that the asymp-
totic approaches represent an effective alternative to stress-based
approaches and are able to adequately describe the crack initiation
at notches as well as the total fatigue life of notched plate compo-
nents (see, among others Lazzarin and Livieri, 2001; Ribeiro-Ayeh
and Hallstrom, 2003; Radaj et al., 2006; Zappalorto et al., 2007).
The latter is explained by the fact that a large amount of crack
propagation life is normally consumed with a short crack in a zone
governed by the V-notch elastic singular solution.1.2. Corner singularities
In the late 1970s and early 1980s, Benthem and a number of
other researchers employed a ﬁnite difference scheme and the
eigenfunction expansion method to demonstrate that at the inter-
section/vertex of the crack front and a free surface, the square root
singularity disappears, and at such a point, one has to deal with a
3D corner singularity (Benthem, 1977), see Fig. 1b. This work, sim-
ilar to the situation with the in-plane singularities considered
above, was repeatedly generalized for various geometries, material
models and multi-material systems (e.g., Bazant and Estenssoro,
1979; Ghahremani, 1991).
 (a) Symmetric loading (b) Antisymmetric loading
Poisson’s ratios: 
Poisson’s ratios:
0.7 
0.5 
0.6 
λCI
0 15 30 45 α
Solid line represents Mode I  
given for comparison 
0.4
0.6
0.8
λCI
0 10 20 30 40 α
Symbols represent mode II induced 
corner singularities 
Solid line represents Mode II  
given for comparison 
- 0.0 
- 0.15- 0.3 
- 0.15 
- 0.3
- 0.0
Symbols represent mode I induced 
corner singularities 
Fig. 2. Corner singularities for geometry shown in Fig. 1b generated by the symmetric (a) and antisymmetric (b) loading (Bazant and Estenssoro, 1979).
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singularities (1  kC) is signiﬁcantly affected by Poisson’s ratio of
the material. In the absence of analytical techniques, the main re-
sults for the behavior of the corner singularity have been obtained
using various numerical techniques, including ﬁnite element anal-
ysis. The dependences of k as a function of the notch opening angle,
a, and Poisson’s ratio, m, are given in Fig. 2a and b (adopted from
Bazant and Estenssoro, 1979). Similar to the in-plane singularities,
the corner singularities can be uncoupled in the case of symmetric,
kCI, and antisymmetric, kCII, loading.
From close inspection of these ﬁgures, one canmake an interest-
ing suggestion that the strength of corner singularities at zero Pois-
son’s ratio (m = 0) is, probably, the same as the one for the in-plane
singularities. However, it is very difﬁcult to prove or disprove this
hypothesisbecause, asmentionedabove, onlynumerical procedures
basedon themodiﬁedﬁniteelementmethodareavailable toanalyze
the singular behavior at corners. For this type of procedure, it is nor-
mally very difﬁcult to control the accuracy of calculations and to val-
idate the numerical results. A comparison of analytically obtained
relationships of k(a) for mode I and II (Eqs. (1) and (2)) with the
numerical results for corner singularities (Bazant and Estenssoro,
1979) shows that the difference in values of k for these singular
modes at m = 0 is generally within the expected numerical error of
ﬁnite element techniques for the three-dimensional singular
problems. Another interesting observation is that the increase of
Poisson’s ratio affects the strength of the corner singularity for sym-
metric (mode I) and antisymmetric (mode II) loading in a different
way. In mode I, a higher Poisson’s ratio leads to a lower strength of
singular behavior, and the tendency is opposite for mode II.
The role of corner singularities in the failure of notched compo-
nents is currently unclear. Bazant and Estenssoro (1979), Heyder
et al. (2005) and other researchers have suggested that the presence
of the corner singularitymight lead to adeviationof the fatiguecrack
front from the orthogonal direction near the free surface. This phe-
nomenon has been observed in many fatigue crack growth studies
for various materials. However, it is not clear whether this physical
phenomenon is a result of the corner singularity effect or to thepres-
ence of other factors such as a variation of the stress intensity factor
along the crack front and the difference of the out-of-plane con-
straints at the free surface and at the middle of the plate.1.3. Out-of-plane singularity (KO-mode)
In 2005, Kotousov, with reference to the ﬁrst order plate theory
(Kane and Mindlin, 1956), identiﬁed and investigated the out-of-plane singular mode at sharp notches with arbitrary opening an-
gles subjected to in-plane loading (Kotousov, 2005), see Fig. 1c.
Similar to the situation with the in-plane singularities, the special
case of a = 0 had been comprehensively investigated long before by
Nakamura and Parks (1989b) by using the ﬁnite element method
and a three-dimensional procedure based on the J-integral to
quantify the stress intensity factors. This singular mode relates to
the out-of-plane shear stress components, as schematically shown
in Fig. 1c, and is associated with Poisson’s effect, see Fig. 3.
Fig. 3 illustrates the mechanism of generation of this singular
mode for a particular conﬁguration: a sharp corner with a zero ver-
tex angle (crack) subjected to antisymmetric (shear) loading. Intu-
itively, such loading will create compressive and tensile zones
along two opposite free edges, and Poisson’s effect will lead to a
scissoring motion of the faces, generating conditions similar to
the tearing mode (mode III) in classical fracture mechanics but
symmetric with respect to the mid-plane of the plate. This intuitive
analysis can be further veriﬁed if one considers the classical
asymptotic equations of the plane stress solution for a crack
stressed in the shear mode leading to the same general conclusion
with regard to the out-of-plane displacements. However, the plane
stress theory of elasticity predicts inﬁnite displacements at the
crack tip and cannot be utilized in the quantitative analysis of this
singular mode, which is, presumably, why this type of singularity
has been overlooked in the past. It is clear that the same mecha-
nism can generate the out-of-plane singularities at other notch
opening angles. The eigenvalue equation for the out-of-plane mode
for free edges can be written as (Kotousov, 2005, 2007b; Kotousov
and Lew, 2006)
cos kðp a=2Þ ¼ 0: ð5Þ
The strongest singularity (minimum value of k such that Re(k) > 0)
for in-plane normal and shear modes (mode I and II) as well as
for out-of-plane mode (KO-mode) is shown in Fig. 4a. It can be real-
ized that the dependence of the strength of the singularity of the
out-of-plane mode is exactly the same as that for fracture mode
III. However, there are essential differences between these two sin-
gular modes. The out-of-plane singular mode is coupled with the
shear mode (mode II). The coupling means that a crack cannot be
stressed in pure mode II by remote loading, opposite to what is
currently adopted in classical fracture mechanics. Singular mode II
is always accompanied by the out-of-plane singular mode or KO-
mode. The existence of the additional singular mode has many
implications in fracture; in particular, it can explain why the frac-
ture toughness of plates stressed in mode II is normally much less
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Fig. 3. Poisson’s effect for crack stressed in shear.
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A. Kotousov / International Journal of Solids and Structures 47 (2010) 1916–1923 1919in comparison with the fracture toughness in mode I, as reported in
many experimental studies on the mixed mode fracture of various
materials (Sanford, 2005). This will be further discussed in this pa-
per. The out-of-plane singular mode is associated with the shear
out-of-plane stresses and is signiﬁcantly affected by Poisson’s ratio
as well as the plate thickness, and it propagates in the plane direc-
tion to a distance of approximately a half of the plate thickness, as
shown in Fig. 4b for a 60 notch loaded in shear, where the related
coordinate system is given in Fig. 1a and c. As expected, due to the
problem symmetry and boundary conditions, the out-of-planeshear stresses are zero at the mid-plane (z = 0) and free surfaces
z = ±h.
The numerical results presented in Fig. 4b and Figs. 7 and 8
were obtained using a similar procedure as developed in Nakam-
ura and Parks (1989a,b) and She and Guo (2007) for the analysis
of three-dimensional effects near the crack tip. The symmetry of
the problemwas used, which allowed the analysis of just one quar-
ter of the notch geometry. The ﬁnite element analysis was con-
ducted using the ANSYS 11 package utilizing a mesh consisting
of an initial arrangement of 15-node trapezoidal elements at the
notch tip surrounded by a radial array of 20-node brick elements,
where each element spanned an angular sweep of 7.5. The ﬁnite
element model is separated by 45 radial divisions weighted toward
the vertex of the notch tip and 29 thickness divisions weighted to-
ward the free plate surface, as depicted in Fig. 5.
From previous studies of the antisymmetric stress ﬁelds associ-
ated with cracked bodies subjected to shear, three-dimensional ef-
fects were found to be conﬁned to one-half of the plate thickness
from the notch tip, before converging into a two-dimensional plane
stress–stress ﬁeld at a distance of 2.5 times the plate thickness
(Nakamura and Parks, 1989b).
Boundary displacements rather than stresses are applied to the
outer radial edges of the ﬁnite element models corresponding to a
far ﬁeld two-dimensional plane stress distribution for a notch with
opening angle a, as given by Seweryn and Zwolinski (1993).2. Large plate with a sharp notch
Numerical (e.g., Nakamura and Parks, 1989a,b; Nevalainen and
Dodds, 1995; Leung and Su, 1995; Kwon and Sun, 2000; She and
Guo, 2007; Harding et al., in press), analytical (e.g., Hartranft and
Sih, 1970; Yang and Freund, 1985; Kotousov, 2007; Codrington
et al., 2008; Kotousov et al., in press) and experimental (e.g., Hum-
bert et al., 2000; Heyder et al., 2005) studies have suggested that
the three-dimensional effects at sharp notches and cracks are con-
ﬁned within a close proximity to the notch tip and propagate to
approximately one-half of the plate thickness from the notch tip
in the plane directions. Consider a plane problem of a sharp notch
in a plate of thickness 2 h when the zone of the three-dimensional
stress state is fully encapsulated by the K-dominance zone, in
which the classical plane stress solution is expected to be accurate.
Our objective now is to qualitatively investigate how the intensity
of various three-dimensional singular states changes with varia-
tion of the plate thickness.
The internal problem, or the problem of determination of the
three-dimensional stress state in the close vicinity of the notch
tip, is fully characterized by the following parameters: h – half
thickness of the plate, m and E – Poisson’s ratio and Young’s mod-
ulus of the material, as well as the applied (‘‘on inﬁnity”) mode I
and II stress intensity factors, KappI or K
app
II , respectively. Let us ﬁrst
consider the in-plane three-dimensional singular mode.
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Similar to the deﬁnition of the notch stress intensity factor for
plane problems of elasticity, we introduce local notch stress inten-
sity factors for the in-plane singularities as
K IðzÞ ¼ lim
x!0
ryðx;0; zÞð2pxÞ1kI ð6Þ
for symmetric loading, and
K IIðzÞ ¼ lim
x!0
sxyðx;0; zÞð2pxÞ1k ð7Þ
for antisymmetric loading.
Due to the linearity of the elastic problems, the distribution of
the local notch stress intensity factors along the thickness must
be proportional to KappI and K
app
II . Because the asymptotic behavior
of the applied and local in-plane stress ﬁelds is the same as de-
scribed above, the only possible form of the function describing
the intensity of the local in-plane mode is
K I ¼ KappI  F Iðz=h;a; mÞ and ð8Þ
K II ¼ KappII  F IIðz=h;a; mÞ; ð9Þ
where FI and FII are dimensionless functions.
Thus, the notch intensity factors for the in-plane mode are func-
tions of the position, Poisson’s ratio and the opening angle only. It
is important to highlight that there is no effect of the plate thick-
ness on the maximum or minimum values, or the shape of the
stress intensity factor distribution along the crack front for this lo-
cal singular mode.
As mentioned before, the particular case of a = 0 (crack) has
been previously investigated by a number of researchers who con-
ﬁrmed the validity of the above considerations. These functions, FI
and FII, were found numerically in Nakamura and Parks (1989a,b)
and were further validated by many researchers, such as She and
Guo (2007), and are shown in Fig. 6.
It is interesting to note that the variation of the local stress
intensity factor increases with an increase of Poisson’s ratio. At
zero Poisson’s ratio, the stress intensity factor converges to the cor-
responding two-dimensional plane stress solution, where the
stress intensity factor is constant along the crack front. As can be
seen in Fig. 6, the difference between the maximum and minimum
values of KI(z) and KII(z) at a Poisson’s ratios of around 0.3 (which is
relevant to many engineering applications) is rather small and can
be neglected for all practical purposes, as previously discussed.(a) Semi-infinite crack stressed in mode I.       
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Fig. 6. Variation of the local stress intensity factor2.2. Out-of-plane singularities
Next, we will consider the out-of-plane singular mode, which is
the local singular mode. It propagates in the plane direction to a
distance of approximately a half of the plate thickness, as described
previously. In the beginning, we formally introduce the stress
intensity factor for this mode. Taking into account the similarity
in the stress state between the KO-mode and mode III (tearing frac-
ture mode), as described above, we can deﬁne this mode in a sim-
ilar fashion to fracture mode III as
KO ¼ lim
x!0
syzðx; 0; zÞð2pxÞ1kO ; ð10Þ
noting that the normal mode KappI does not generate the out-of-
plane singularities.
Based on the same dimensionless considerations and realizing
that the units of KO and K
app
II are different, the only possible form
of the function describing the intensity of the out-of-plane mode
for the problem under consideration is
KO ¼ KappII  hkIIkO  FOðz=h;a; mÞ: ð11Þ
Because kI  kOP 0 for all a, the intensity of the KO-mode increases
boundlessly with an increase of the plate thickness.
In the particular case of a crack (a = 0), the dependence from the
plate thickness vanishes, as for crack kI = kII = kIII = kO (see Fig. 4a),
and the last equation (11) can be rewritten as
KO ¼ KappII  FOðz=h;a ¼ 0; mÞ; ð12Þ
and the dependence from the plate thickness disappears in this par-
ticular case.
For the crack geometry, function, FO, was also comprehensively
investigated numerically and analytically (Kotousov, 2007) and is
shown in Fig. 7.
As described above (Fig. 4b), the stress intensity factor must be
equal zero at the mid-plane and free surfaces due to the symmetry
of the problem and boundary conditions at the plane surfaces. This
was not achieved in either numerical study and many others due
to, probably, a very complicated nature of the stress state near
the free surface. Except for this area, various numerical results nor-
mally agree very well (She and Guo, 2007).
In accordance with classical fracture mechanics, the energy re-
lease rate, G, for a crack in a thin plate stressed by KappI and K
app
II is(b) Semi-infinite crack stressed in mode II. 
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Fig. 7. Normalized variation of the out-of-plane stress intensity factor along the
crack front for Poisson’s ratios of 01, 03 and 05.
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E
ðKappI þ KappII Þ: ð13ÞThe energy fracture criterion requires G = Gc, where Gc is the critical
energy release rate, which is related to the speciﬁc surface energy.
This criterion implies that the fracture toughness of mode I, KIC,
and mode II, KIIC, has to be the same, i.e., KIC = KIIC. The variation
of the in-plane local stress intensity factor along the thickness
(Fig. 6) and the existence of another previously unaccounted for sin-
gular mode, the out-of-plane mode, can help to explain the well
known experimental observations that the fracture toughness in
mode II is normally 10–50% lower than that in mode I for the same
material and specimen thickness. Indeed, the synergistic effect of
both modes II and KO together signiﬁcantly exceed the applied
stress intensity factor, KappII , speciﬁcally at the areas close to the free
surface of the plate, which forces the specimen to fail at lower val-
ues than those predicted from the energy fracture criterion. It
should also be noted from Figs. 6 and 7 that the initiation of fracture
for symmetric loading is likely to occur in the central part of the
specimen and that the antisymmetric loading has to be closer to
the free surface.
Numerical results for the intensities of the out-of-plane mode
for non-zero opening angles and at different Poisson’s ratios are
shown in Fig. 8. These results were obtained using the same
numerical procedure as described before (see Fig. 5 or Harding
et al., in press).
The notch geometries with a > 0 (non-crack geometries) sub-
jected to shear loading (mode II) revealed two important effects(a) 60o notch opening angle.   
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Fig. 8. Variation of the normalized out-of-plane singular modethat have not been previously reported: ﬁrst, at a > 104 (see
Fig. 4a), when the in-plane singularity disappeared, the singular
behavior associated with the coupled KO-mode still exists (Fig. 8b
shows that the stress state is still singular at a = 120). Conse-
quently, it is the only singular mode that will dominate the local
stress ﬁeld near the notch tip, and, presumably, will control the
fracture initiation for such notch geometries. This is contradictory
to many previous two-dimensional studies stating that there are
no line singularities for sharp notches with an opening angle above
104 stressed in shear (e.g., Wu, 2004).
The second effect is that regardless of the intensity of the ap-
plied shear loading, KappII , for sufﬁciently thick plates, the KO-mode
will dominate the stress state in the vicinity of the notch tip (see
Eq. (11), noting that kI  kOP 0 from Fig. 2a), and the notched
plate with 0 < a < 180 will eventually fail by the KO-mode with
an increase of the plate thickness. The KO-mode acts similar to
the KIII tearing fracture mode, except that KO is zero at the mid-
point. These considerations lead to an interesting conclusion that
very thick and large plates made of a rather brittle material should
have no strength when stressed in a shear or mixed mode of load-
ing. This theoretical conclusion is referred to as the strength para-
dox of thick plates with sharp notches and, of course, it needs a
further experimental investigation.
The plate thickness effect increases with an increase of the open-
ing angle, as follows from Fig. 4a, and disappears at a = 0. For exam-
ple, for a = 90 and at the same applied stress (and the same KappII Þ,
the notch stress intensity factor, KO, will grow as h0.3 with an in-
crease of the thickness of the notched plate. This can be considered
as a strong inﬂuence if one compares, for example, with various
scale effects associated with the increase of the volume.
2.3. Corner singularities
Finally, we consider the corner singularities, which is also a lo-
cal singular mode. Similar to the previous section, we start with the
deﬁnition of the stress intensity factor for the corner singular
mode. This singular mode is unique and different from the
above-considered in-plane and out-of-plane modes because the
corner singularity is concentrated in a single point (s) (see Fig. 1),
i.e., at the intersection/vertex of the notch front and a free surface,
rather than along a line. It seems there were previously no at-
tempts to characterize the intensity of this mode. Therefore, we en-
deavor to propose the following deﬁnition for the intensity of the
corner singularity as
KCI ¼ lim
x!0
ryðx; 0;hÞð2pxÞ1kCI ð14Þ (b) 120o notch opening angle. 
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KCII ¼ lim
x!0
sxyðx; 0;hÞð2pxÞ1kCII ð15Þ
for antisymmetric loading.
In other words, we deﬁne the intensities utilizing the symmet-
ric and antisymmetric stress components at the free surfaces along
the symmetry line of the notch.
Similar to the previously considered cases, dimensionless con-
siderations for the intensity of corner singularities leads to the fol-
lowing dependences:
KCI ¼ KappI  hkIkCI  FCIða; mÞ; and ð16Þ
KCII ¼ KappII  hkIIkCII  FCIIða; mÞ: ð17Þ
From Fig. 3a and b, it follows that kI  kCI 6 0 and kII  kCIIP 0,
which implies that the intensity of the corner singularity, KIC, in-
creases boundlessly with a decrease of the plate thickness. The
intensity of the corner singularity in mode II, KCII, has the same
behavior, but with an increase of the plate thickness. It is very
tempting to make a similar conclusion as in the previous section
regarding the plate thickness effect on the fracture of brittle plates.
However, the contribution of these singular modes into fracture
initiation at sharp notches is currently unclear as discussed above.
It can be suggested, because this singular mode is concentrated in a
point, that the effect on the fracture of plate components will be
highly localized near free surfaces. Nevertheless, many experimen-
tal results do suggest, for example, that the fracture toughness of
cracked plates stressed in mode I drops almost to zero with a de-
crease of plate thickness (Sanford, 2005).3. Conclusion
The three-dimensional effects in linear-elastic fracture mechan-
ics, including plate thickness effects or the existence of the out-of-
plane and corner singular modes, are currently largely ignored in
the literature or are considered as negligible for all practical pur-
poses of failure assessment of notched components. In this paper,
the inﬂuence of the plate thickness on the intensity of various sin-
gular modes was investigated for a sharp corner in sufﬁciently
large elastic plates subjected to remote loading parallel to the plate
plane. Such loading, in the general case, generates two uncoupled
in-plane singular modes, the out-of-plane singular mode generated
by the applied antisymmetric loading and two uncoupled corner
singularities generated by the applied symmetric and antisymmet-
ric loading.
The fact that the extent of the local three-dimensional singular
states (in-plane, corner and out-of-plate modes) in the plane direc-
tion is limited by approximately one-half of the plate thickness im-
plies that the theoretical results and conclusions derived in this
paper can be applied to a variety of practically important situations
for which the zone of the three-dimensional effects is fully encap-
sulated by the plane stress K-dominance zone.
The different asymptotic behavior between the applied and
generated stress states at 0 < a < 180 and non-zero Poisson’s ratios
leads to the power dependences of the intensities of the local
three-dimensional singular modes from the plate thickness. Due
to similarity between the out-of-plane singular mode and fracture
mode III, the unlimited growth of the KO-mode with an increase of
the plate thickness leads to the conclusion that sufﬁciently thick
brittle plates with sharp notches should have virtually zero
strength when stressed in shear. The effect of the plate thickness
was revealed for the corner singularities as well. The intensity of
corner singularities increases boundlessly with an increase of the
plate thickness at antisymmetric loading or with a decrease of
the plate thickness in the case of symmetric loading. However,for the corner singularities, their effect on the strength of notched
plates is currently unclear. It is encouraging that some experimen-
tal results do suggest, for example, that the fracture toughness of
very thin cracked plates drops almost to zero.
The variation of the local in-plane singular modes near the crack
front and the existence of the out-of-plane singular mode due to
Poisson’s effect when the crack is subjected to shear loading can
explain various phenomena observed in experimental investiga-
tions. It has been demonstrated, for example, that based on the
three-dimensional solutions for in-plane and out-of-plane singu-
larities, the fracture toughness of the material in the case of dom-
inant mode II loading has to be less than the one in the case of
mode I loading. This difference between fracture toughness in
modes I and II is strongly affected by Poisson’s ratio. Another inter-
esting conclusion is that in accordance with theoretical results, the
location of fracture initiation of notched components has to be
close to the mid-plane for symmetric loading and moves closer
to the free planes for antisymmetric loading. It is also important
to highlight that for crack geometries, the effect of the plate thick-
ness on the intensity of the out-of-plane singular mode, which is
generated by the antisymmetric loading, vanishes. The described
thickness effect for the out-of-plane singular mode becomes stron-
ger for larger notch opening angles.
The author conducted a careful literature search trying to ﬁnd
solid evidence to support or refute the theoretical results obtained
in this paper. Unfortunately, from the large variety of experimental
studies conducted in the past and available in the literature, only a
few of them are relevant to the purpose of this paper (effect of the
plate thickness). Therefore, a great experimental effort is needed to
properly verify and investigate these new effects associated with
the plate thickness as well as theoretical conclusions drawn in this
paper, as many of them have direct applications to fracture testing
and fracture assessment of plate components.Acknowledgment
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